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A port-Hamiltonian perspective on open quantum systems

ERC Q_feedback project : one main subject is contribution of
Control Theory to Quantum systems’ stabilization and control
Thanks to Pierre Rouchon for his persistent invitation to
events on Quantum Systems and Control : 2018 Trimester at
the Insitut Henri Poincaré, the school at CIRM, etc ... and to
Nina Amini, John Gough, Arjan van der Schaft for the
numerous discussions and invitations ..
This talk pressents very recent results on port-Hamiltonian
formulation of dissipative quantum systems
based on Ph.D. of Jonas Kirchhoff (Dec. 2025) on the
geometric structure of irreversible port-Hamiltonian systems .
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The parallel circuit realization of a dissipative LC circuit
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Figure 13: The damping of a circuit by a resistance R can take place in a parallel
or series way, depending on whether the resistance is placed across a branch or
in series with it. The Nyquist model represents the resistance by a transmission
line with characteristic impedance Zc = R. The noise source associated with the
resistance (fluctuation-dissipation theorem) is a parallel current source in the
parallel case and a series voltage source in the series case. The noise source is
replaced in the Nyquist model by incoming thermal radiation whose amplitude
Ain is the square root of the power flux of the radiation (Ain should not be
associated to a vector potential and is rather like the square root of the length
of the Poynting vector).

across the line are

→ ω

ωx
V (x, t) = Lω

ω

ωt
I (x, t) , (3.49)

→ ω

ωx
I (x, t) = Cω

ω

ωt
V (x, t) , (3.50)

in which, for the moment, we treat the fields classically. The characteristic
impedance and propagation velocity are given by

Zc =

√
Lω

Cω
, (3.51)

vp =

√
1

LωCω
. (3.52)

In order to solve Eqs. 3.49) and 3.50), we introduce two new fields: the left-

33

Figure – Dissipative LC circuit (Vool and Devoret, Les Houches Notes)

linear capacitor, linear/nonlinear inductor,
linear resistor (Ohm’s law)
noise (current) source: ignored in the sequel.
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Dissipative quantum systems and ports ?

Open quantum systems interconnected with thermal bath

AIP Advances ARTICLE scitation.org/journal/adv

Definition 1. A map V is positive iff ∀A ∈ B(H) s.t. A ≥ 0 ⇒
VA ≥ 0.

This definition is based on the idea that, as density matrices are
positive, any physical map should transform positive matrices into
positive matrices. One could naively think that this condition must
be sufficient to guarantee the physical validity of a map; it is not.
As we know, there exist composite systems, and our density matrix
could be the partial trace of a more complicated state. Because of
that, we need to impose a more general condition.

Definition 2. A map V is completely positive iff ∀n ∈ N, V⊗ 1n
is positive.

To prove that not all positive maps are completely positive, we
need a counterexample. A canonical example of an operation that
is positive but fails to be completely positive is the matrix transpo-
sition. If we have a Bell state in the form �ψB� = 1√

2
(�01� + �10�), its

density matrix can be expressed as

ρB = 1
2
(�0��0� ⊗ �1��1� + �1��1� ⊗ �0��0� + �0��1� ⊗ �1��0� + �1��0� ⊗ �0��1�),

(28)
with a matrix representation

ρB = 1
2
��1 0

0 0� ⊗ �0 0
0 1� + �0 0

0 1� ⊗ �1 0
0 0�

⊗�0 0
1 0� ⊗ �0 1

0 0� + �0 1
0 0� ⊗ �0 0

1 0��. (29)

A little algebra shows that the full form of this matrix is

ρB =
�����
0 0 0 0
0 1 1 0
0 1 1 0
0 0 0 0

�����, (30)

and it is positive.
It is easy to check that the transformation 1 ⊗ T2, meaning

that we transpose the matrix of the second subsystem leads to a
nonpositive matrix

(1⊗ T2)ρB = 1
2
��1 0

0 0� ⊗ �0 1
0 0� + �0 0

0 1� ⊗ �0 0
1 0�

⊗�0 0
1 0� ⊗ �0 0

1 0� + �0 0
0 1� ⊗ �0 1

0 0��. (31)

The total matrix is

(1⊗ T2)ρB =
�����
0 0 0 1
0 1 0 0
0 0 1 0
1 0 0 0

�����, (32)

with −1 as an eigenvalue. This example illustrates how the non-
separability of quantum mechanics restricts the operations we can
perform in a subsystem. By imposing these two conditions, we can
derive a unique master equation as the generator of any possible
Markovian CPT-map.

B. Derivation of the Lindblad equation from
microscopic dynamics

The most common derivation of the Lindblad master equation
is based on open quantum theory. The Lindblad equation is then
an effective motion equation for a subsystem that belongs to a more
complicated system. This derivation can be found in several text-
books such as Breuer and Petruccione’s2 as well as Gardiner and
Zoller’s.1 Here, we follow the derivation presented in Ref. 26. Our
initial point is displayed in Fig. 3. A total system belonging to a
Hilbert space HT is divided into our system of interest, belonging
to a Hilbert space H, and the environment living in HE.

The evolution of the total system is given by the von Neumann
equation (13),

ρ̇T(t) = −i[HT , ρT(t)]. (33)

As we are interested in the dynamics of the system, without the
environment, we trace over the environment degrees of freedom to
obtain the reduced density matrix of the system ρ(t) = TrE[ρT]. To
separate the effect of the total Hamiltonian in the system and the
environment, we divide it in the formHT = HS⊗1E +1S⊗HE +αHI ,
with H ∈ H, HE ∈ HE, and HI ∈ HT , and being α a measure of the
strength of the system-environment interaction. Therefore, we have
a part acting on the system, a part acting on the environment, and
the interaction term. Without losing any generality, the interaction
term can be decomposed in the following way:

HI = �
i
Si ⊗ Ei, (34)

with Si ∈ B(H) and Ei ∈ B(HE).40
To better describe the dynamics of the system, it is use-

ful to work in the interaction picture (see Ref. 24 for a detailed

FIG. 3. A total system (belonging to a Hilbert space HT , with states described by
density matrices ρT , and with dynamics determined by a Hamiltonian HT ) divided
into the system of interest, “system,” and the environment.

AIP Advances 10, 025106 (2020); doi: 10.1063/1.5115323 10, 025106-6
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Figure – (Manzano, 2020)

Aim : suggest a Irreversible port-Hamiltonian formulation of the
single jump Lindblad equation.
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Structure of the talk

1 Introduction to Irreversible port-Hamiltonian systems on an
LC-circuit coupled to a resistor as extending the Hamiltonian
model of the circuit with an entropy balance equation

2 Formal definition of irreversible port-Hamiltonian systems on
the base of a 4-tensor

3 Irreversible port-Hamiltonian representation of the single jump
Lindblad equation
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Irreversible port-Hamiltonian systems for dissipative classical
systems

Irreversible port-Hamiltonian Systems for dissipative
classical systems
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The dissipative LC-circuit

Consider the an LC cell connected to a resistor
This is the LCR circuit

L

→

+

vL

iL

C

+

→

vC

iC

R

+

→

vR

iR

Figure – Dissipative LC circuit
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The dissipative LC-circuit : topological relations

Let us first write Gustav Kirchhoff’s relations



iC
vL
vR


=




0 −1 −1
1 0 0
1 0 0






vC
iL
iR




where
the first line corresponds to the co-cycle (node rule) formed by
the branches C, L and R
the second and third lines correspond to the cycles (L,C ) and
(R,C ) (loop rule)

associated with the capacitor’s spanning tree.

Skew-symmetry of Kirchhoff’s relations !
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Implicit dissipative Hamiltonian system
The Hamiltonian formulation is obtained by defining

state variables: the charge of the capacitor Q (t) and the total
magnetic flux of the inductor ϕ (t)

circuit variables: iC = dQ
dt , vL =

dϕ

dt , vC = ∂H
∂Q , iL = ∂H

∂ϕ
,

the electro-magnetic energy:
H (Q,ϕ) = 1

2C (Q−Qoffset)
2 +

ϕ2
0

LJ

(
1−cos

(
(ϕ−ϕoffset)

ϕ0

))

and the dissipative Ohm relation vR = R iR , R > 0 .




dQ
dt
dϕ

dt
vR


=




0 −1 −1
1 0 0
1 0 0







∂H
∂Q
∂H
∂ϕ

iR




which is an implicit dissipative Hamiltonian system defined on
a Dirac structure (graph of the Poisson tensor).
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Side remark on LC circuit dynamics

The dynamics of the LC-circuit is a Hamiltonian system:
generated by the Hamiltonian: H0 (Q, φ), the total
electromagnetic energy
with respect to the Kirchhoff Dirac structure
((

dQC
dt

∂Hmg

∂φL

)
,

(
∂Hel
∂QC
dφL
dt

))
∈ BK (G ) = ker∂ × imd ⊂ Λ1×Λ1

(1)
where ∂ is the boundary operator and d is the co-boundary
operator of the network graph G
and writing G. Kirchhoff’s laws ∂ I = 0 and V ∈ imd .
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A systems’ and control perspective : open systems
The systems’ and control perspective, the port-Hamiltonian
formulation, introduces two conjuguated port-variables
(f ,e) ∈ P×P∗




dQ
dt
dϕ

dt
f


=




0 −1 −1
1 0 0
1 0 0







∂H
∂Q
∂H
∂ϕ

e




Ports allow the interaction with the environment of open systems ,
for instance for the dissipative Ohm relation

e =
1
R
f

or more complex systems.
Port Hamiltonian systems are closed with respect to
interconnection through Dirac structures !
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Explicit dissipative Hamiltonian system
Decompose the topological (skew-symmetric) structure matrix




0 −1 −1
1 0 0
1 0 0


=

(
J g

−g⊤ 0

)

into symplectic matrix J =

(
0 −1
1 0

)
and port-map g =

(
−1
0

)
to

the resistor
Eliminate the pair of variables associated with the inductor (iR , vR),
and obtain the explicit dissipative Hamiltonian system

d

dt

(
Q
ϕ

)
=

[
J−g⊤ 1

R
g

](
∂H
∂Q
∂H
∂ϕ

)
=

(
− 1

R −1
1 0

)(
∂H
∂Q
∂H
∂ϕ

)

where
[
J−g⊤ 1

R g
]

is neither symmetric nor skew-symmetric and
defines a Leibniz bracket.
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The dissipative LC-circuit connected to a thermostat (1)

The dissipative system may be rendered conservative by considering
an thermal reservoir (e.g.a thermostat at temperature T0 > 0) and
complete the dissipative system

d

dt

(
Q
ϕ

)
=

[
J−g⊤ 1

R
g

](
∂H
∂Q
∂H
∂ϕ

)
=

(
− 1

R −1
1 0

)(
∂H
∂Q
∂H
∂ϕ

)

with the entropy balance equation

dS

dt
=

1
T0

v2
R

R
.
= fS

where fS ≥ 0 is the entropy creation due to the Ohmic dissipation
relation.
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The dissipative LC-circuit connected to a thermostat (2)
Considering the total energy

Htot (Q,ϕ,S) = H (Q,ϕ)+U (S)

being the sum of the electromagnetic energy and the internal
energy of the thermostat U (S) = T0S
and using Kirchhoff’s relation vR = vC , the extended system
becomes a quasi-Hamiltonian system,

d

dt




Q
ϕ

S


=




0 −1 − 1
R

vC
T0

1 0 0
1
R

vC
T0

0 0




︸ ︷︷ ︸
=Jtot




vC
iL
T0


=




−iL− vC
R

vC
fS




however the structure matrix depends on the co-state vC = ∂H
∂Q !!
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The dissipative LC-circuit connected to a thermostat (3)
Decompose the system into a reversible and irreversible part

d

dt




Q
ϕ

S


=







0 −1 0
1 0 0
0 0 0




︸ ︷︷ ︸
=Jrev

+
1

RT0
vC




0 0 −1
0 0 0
1 0 0




︸ ︷︷ ︸
=Jirr










∂Htot
∂Q

∂Htot
∂ϕ

∂Htot
∂S







with respect to the two Poisson brackets defined by the
decomposed Kirchhoff’s relations Jrev and Jirr

where
the dissipative part is characterized by

its driving force vC = {S ,Htot}Jirr
and

its constitutive relation 1
RT0

> 0.
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Irreversible Hamiltonian systems

Irreversible Hamiltonian systems: reminder

Bernhard Maschke (LAGEPP, Université Lyon 1, France) with Jonas Kirchhoff (University of Halle, Germany)Port-Hamiltonian formulations of open quantum systems



Introduction
Irreversible PHS for dissipative classical systems

Irreversible PHS for dissipative quantum systems
Conclusion

Canonical example : the dissipative LC-circuit
Irreversible Hamiltonian systems
Geometric structure

Irreversible port-Hamiltonian system

ẋ = γ

(
x , ∂U

∂x

)
∂S

∂x
(x)T J

∂H

∂x
(x)

︸ ︷︷ ︸
={S ,H}J

J
∂H

∂x
(x)

with
1 the state vector x ∈ Rn , the Hamiltonian function

H(x) : C ∞(Rn)→ R and the entropy function S(x) : C ∞(Rn)→ R.
2 the constant skew-symmetric structure matrix J ∈ Rn×Rn ,

defining the Poisson bracket {S , H}J = ∂S
∂x (x)

T J ∂H
∂x (x)

3 a positive definite function: γ(x , ∂H
∂x ) = γ̂(x)> 0.

Irreversible Port Hamiltonian arize naturally for heat exchangers,
Chemical reactors, etc..:

the bracket {S ,H}J is the thermodynamic force

the function γ

(
x , ∂H

∂x

)
the constitutive relation
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Energy and entropy balance equations

The conservation equation of the internal energy,

dH

dt
= γ

(
x , ∂H

∂x

)
{S , H}J {H, H}J = 0, (2)

follows from the skew-symmetry of the structure matrix J.

The entropy balance equation with the irreversible entropy production

dS

dt
= γ

(
x , ∂H

∂x

)
{S ,H}2

J≥ 0
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Geometric structure of Irreversible Hamiltonian systems

Geometric structure of irreversible Hamiltonian
systems: reminder
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3-function associated with irreversible Hamiltonian system

The evolution of any observable f ∈ C ∞(Rn)

d
dt f ◦ x = γ(x ,dH(x)){S ,H}J(x){f ,H}J(x).

leads to consider the 3-argument function

E : C ∞(Rn)3 → C ∞(Rn), E (f ,S ,H) = γ {S ,H}J{f ,H}J .

and symmetrize to a 4-argument function.

Bernhard Maschke (LAGEPP, Université Lyon 1, France) with Jonas Kirchhoff (University of Halle, Germany)Port-Hamiltonian formulations of open quantum systems



Introduction
Irreversible PHS for dissipative classical systems

Irreversible PHS for dissipative quantum systems
Conclusion

Canonical example : the dissipative LC-circuit
Irreversible Hamiltonian systems
Geometric structure

Conservative-irreversible function
A IPHS function is a function

E : C ∞(Rn)3 → C ∞(Rn)

so that there is a 4-bracket

ε : C ∞(Rn)4 → C ∞(Rn)

with the properties
1 ε(f ,s,g ,h) is a derivation (i.e. linearity and Leibniz’s rule) in

each argument,
2 ∀f ,s,h ∈ C ∞(Rn) : ε(f ,s,h,h) = ε(s, f ,h,h) : symmetry
3 ∀s,h ∈ C ∞(Rn) ∀x ∈ Rn : ε(s,s,h,h)(x)≥ 0 = ε(h,s,h,h)

positivity,
which induces E as

∀f ,s,h ∈ C ∞(Rn) : E (f ,s,h) = ε(f ,s,h,h).
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Tensor representation of the 4-bracket

A function ε : C ∞(Rn)4 → C ∞(Rn) is a IPHS function if, and only
if, ε has a 4-tensor representation e ∈ C ∞(Rn,Rn×n×n×n) with

∀f ,s,g ,h ∈ C ∞(Rn) : ε(f ,s,g ,h) =
n

∑
i ,j ,k,ℓ=1

ei ,j ,k,ℓdi f djsdkgdℓh

so that, for all i , j ,k, ℓ ∈ n,
1 ei ,j ,k,ℓ = ei ,j ,ℓ,k ,
2 ei ,j ,k,ℓ+ ek,j ,ℓ,i + eℓ,j ,i ,k = 0,
3 ∀h ∈ C ∞(Rn) ∀x ∈ Rn :

[
∑
n
k,ℓ=1 ei ,j ,k,ℓ(x)dkh(x)dℓh(x)

]n
i ,j=1

symmetric and positive semi-definite.
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Reversible-irreversible Hamiltonian systems

Let M be a smooth manifold with
Poisson bracket {·, ·} and
conservative-irreversible function E .

An irreversible Hamiltonian system with generating functions
(s,h) ∈ C ∞(M)×C ∞(M) is the dynamical system

d
dt f ◦ x = {f ,h}+E (f ,s,h) for all f ∈ C ∞(M), (3)

with the noninteraction condition {s,h}= 0.

Often one requires the stronger condition:
the entropy function s is a Casimir function of the Poisson bracket,
i.e.

{s,g}= 0 for all g ∈ C ∞(M)
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Irreversible port-Hamiltonian systems for disssipative
quantum systems

Irreversible port-Hamiltonian Systems for dissipative
quantum systems: on the example of the Lindblad
model
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Paradigmic system : the Lindblad model
Hamiltonian formulation

State variable : density operator

A density operator on a separable Hilbert space H is bounded
operator ρ ∈ B(H ) with the properties

ρ is Hermitian, i.e. ρ = ρ†

ρ ≥ 0, i.e. ⟨ψ,ρψ⟩ ≥ 0 for all ψ ∈ H

trρ = 1, where ρ = ∑
∞
i=1⟨ψi ,ρψi ⟩ for any orthonormal basis

(ψi )i∈N where tr denotes the trace of ρ .

The set of density operators is denoted by D(H)
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Paradigmic system : the Lindblad model
Hamiltonian formulation

The Lindblad model

The Gorini-Kossakowski-Sudarshan-Lindblad (GKSL) quantum
master equation is the differential equation

d
dt ρ =− i

h̄
[H,ρ]+

ℓ

∑
j=1

(
LjρL

†
j −

1
2
{L†

j Lj ,ρ}
)

(4)

where
ρ ∈ B(H ) is the density operator
H ∈ B(H ) is the Hamiltonian operator
Lj ∈ B(H ), j ∈ 1, . . . , ℓare jump operators
[ in the sequel l = 1 and L is Hermitian !]

where [·, ·] and {·, ·} denote the commutator and anticommutator
of bounded operators, respectively.
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Paradigmic system : the Lindblad model
Hamiltonian formulation

Double bracket structure of dissipation

For Hermitian jump operators, the dissipative term in the GKSL
equation has the structure of a double commutator.
Let H be a Hilbert space, and let ρ,L ∈ B(H ) be Hermitian
operators. Then

LρL− 1
2
{LL,ρ}=−1

2
[L, [L,ρ]]

Proof:

[L, [L,ρ]] = L(Lρ −ρL)− (Lρ −ρL)L=−2LρL+{LL,ρ}
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Paradigmic system : the Lindblad model
Hamiltonian formulation

The functional space

Consider a Hermitian operator H ∈ B(H ) on a a finite-dimensional
Hilbert space H , the induced functional FH is defined as

FH :D(H)→ R
ρ 7→ tr(Hρ) = ⟨H,ρ⟩HS.

The variational derivative δFH
δρ

(ρ0) exists for all ρ0 ∈D(H), and is

δFH
δρ

(ρ0)v = ⟨H,v⟩HS = ⟨H− trH,v⟩HS

for all Hermitian trace-less operators v .
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Paradigmic system : the Lindblad model
Hamiltonian formulation

The Liouville- von Neumann equation

The Liouville-von Neumann equation

d
dt ρ =− i

h̄
[H,ρ] (5)

is (formally) Poisson-Hamiltonian system

d
dtF ◦ρ = {F ,FH}LvN ◦ρ.

with Hamiltonian function FH = ⟨H, ·⟩HS and Poisson bracket
{·, ·}LvN defined by

{F ,G}LvN :=
1
h̄

〈
·, i
[

δF

δρ
,
δG

δρ

]〉

HS
∀F ,G :D(H)→ R

where ⟨ , ⟩HSdenotes the Hilbert-Schmidt inner product.

Bernhard Maschke (LAGEPP, Université Lyon 1, France) with Jonas Kirchhoff (University of Halle, Germany)Port-Hamiltonian formulations of open quantum systems



Introduction
Irreversible PHS for dissipative classical systems

Irreversible PHS for dissipative quantum systems
Conclusion

Paradigmic system : the Lindblad model
Hamiltonian formulation

The Lindblad model
The (single jump) Lindblad equation

d
dt ρ =− i

h̄
[H,ρ]− 1

2
[L, [L,ρ]] (6)

may be represented as an irreversible port-Hamiltonian system
d
dt F ◦ρ = {F ,FH}LvN +((F ,FS ,L,L))port

with Liouville - von Neuman Poisson bracket { , ;}LvN
and the IPHS 4-bracket

((F ,G ,L1,L2))port :=
1
8

(
⟨i [L1,

δF
δρ

], i [L2,
δG
δρ

]⟩HS + ⟨i [L2,
δF
δρ

], i [L1,
δG
δρ

]⟩HS

)
,

generated by the expected value of the energy as Hamiltonian
function FH := ⟨H, ·⟩HS,
and (minus) purity of the system as entropy
functionFS(ρ) :=−tr(ρ2).
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Paradigmic system : the Lindblad model
Hamiltonian formulation

The IPHS 4-bracket generates the interaction term

Consider ρ an integral curve of [L, [L,ρ]] and the entropy functional
which satisfies δFS

δρ
= 2ρ , one obtains

d
dtF ◦ρ =

〈
δF

δρ
, [L, [L,ρ]]

〉

HS

= 2
〈[

L,
δF

δρ

]
,

[
L,

δFS
δρ

]〉

HS

=

((
δF

δρ
,
δFS
δρ

,L,L

))

port
.

The entropy FS is in the kernel of the LvN-Poisson bracket hence
satisfies the non-interaction condition.
Indeed ρ being Hermitian gives (ρHρ) = (ρ2H) and hence

⟨ρ, i [H,ρ]⟩HS = (ρHρ)− (ρ2H) = 0.
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Paradigmic system : the Lindblad model
Hamiltonian formulation

Balance equations

Linbladian dynamics:

d
dtF ◦ρ = {F ,FH}LvN +((F ,FS ,L,L))port

Energy balance equation

d
dtFH ◦ρ = {((FH ,FS ,L,L))port = tr ([L,H] [L,ρ])

Entropy balance equation

d
dtFS ◦ρ = ((FS ,FS ,L,L))port = 2tr

(
[L,ρ]2

)
≥ 0
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Conclusion

We have shown that the 1-jump Lindblad equations may be written
as an Irreversible Hamiltonian system :

with geometric structure defined by
Liouville - von Neuman Poisson bracket { , ;}LvN and
the Linblad IPHS 4-bracket

generated by the
the Hamiltonian function FH := ⟨H, ·⟩HS,and
the entropy functionFS(ρ) := tr(ρ2).

Open questions :
define port variable for driven quantum circuits !
use the IPHS structure to derive stabilizing controllers
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