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Introduction

Motivation

A port-Hamiltonian perspective on open quantum systems

e ERC Q feedback project : one main subject is contribution of
Control Theory to Quantum systems’ stabilization and control

@ Thanks to Pierre Rouchon for his persistent invitation to
events on Quantum Systems and Control : 2018 Trimester at
the Insitut Henri Poincaré, the school at CIRM, etc ... and to
Nina Amini, John Gough, Arjan van der Schaft for the
numerous discussions and invitations ..

@ This talk pressents very recent results on port-Hamiltonian
formulation of dissipative quantum systems
based on Ph.D. of JONAS KIRCHHOFF (Dec. 2025) on the
geometric structure of irreversible port-Hamiltonian systems .
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Motivation

The parallel circuit realization of a dissipative LC circuit
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Figure — Dissipative LC circuit (Vool and Devoret, Les Houches Notes)

e linear capacitor, linear/nonlinear inductor,
o linear resistor (Ohm's law)

@ noise (current) source: ignored in the sequel.

RD MASCHKE U niversité YOl  Port-Hamiltonian formulations of open quantum systems



Introduction

Motivation

Dissipative quantum systems and ports ?

Open quantum systems interconnected with thermal bath

Figure — (Manzano, 2020)

Aim : suggest a Irreversible port-Hamiltonian formulation of the
single jump Lindblad equation.
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Introduction

Motivation

Structure of the talk

@ Introduction to Irreversible port-Hamiltonian systems on an
LC-circuit coupled to a resistor as extending the Hamiltonian
model of the circuit with an entropy balance equation

@ Formal definition of irreversible port-Hamiltonian systems on
the base of a 4-tensor

© Irreversible port-Hamiltonian representation of the single jump
Lindblad equation
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Canonical example : the dissipative LC-circuit
Irreversible Hamiltonian systems
Geometric structure

Irreversible PHS for dissipative classical systems

Irreversible port-Hamiltonian systems for dissipative classical
systems

Irreversible port-Hamiltonian Systems for dissipative
classical systems
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Canonical example : the dissipative LC-circuit
Irreversible Hamiltonian systems
Geometric structure

Irreversible PHS for dissipative classical systems

Canonical example : the dissipative LC-circuit

Canonical example: the dissipative LC-circuit
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. e . Canonical example : the dissipative LC-circuit
Irreversible PHS for dissipative classical systems N P . P

Irreversible Hamiltonian systems

Geometric structure

The dissipative LC-circuit

Consider the an LC cell connected to a resistor

Lg vy ve ”-C wr >R

Figure — Dissipative LC circuit
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Canonical example : the dissipative LC-circuit
Irreversible Hamiltonian systems
Geometric structure

Irreversible PHS for dissipative classical systems

The dissipative LC-circuit : topological relations

Let us first write Gustav Kirchhoff's relations

iC O -1 -1 vc
73 == 1 0 0 iL
VR 1 0 0 iR

where

e the first line corresponds to the co-cycle (node rule) formed by
the branches C, L and R

@ the second and third lines correspond to the cycles (L, C) and
(R, C) (loop rule)

associated with the capacitor’s spanning tree.

Skew-symmetry of Kirchhoff's relations !
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Canonical example : the dissipative LC-circuit
Irreversible Hamiltonian systems
Geometric structure

Irreversible PHS for dissipative classical systems

Implicit dissipative Hamiltonian system

The Hamiltonian formulation is obtained by defining

e state variables: the charge of the capacitor Q(t) and the total

magnetic flux of the inductor ¢ (t)

@ circuit variables: ic = % LV = %, ve = g—g L= 3—’; ,

@ the electro-magnetic energy:
H(Q.9) = 3(Q— Qunet)? + 5 (1—cos (L= })
@ and the dissipative Ohm relation vg = Rig , R >0 .

dQ 9H

which is an implicit dissipative Hamiltonian system defined on
a Dirac structure (graph of the Poisson tensor).
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Canonical example : the dissipative LC-circuit
Irreversible Hamiltonian systems
Geometric structure

Irreversible PHS for dissipative classical systems

Side remark on LC circuit dynamics

The dynamics of the LC-circuit is a Hamiltonian system:

@ generated by the Hamiltonian: Hy(Q, ¢), the total
electromagnetic energy

@ with respect to the Kirchhoff Dirac structure

Q¢ 9He
ot |- 9B )] € Br(#) =kerd ximd € A x A
a9 dt

(1)
where dis the boundary operator and d is the co-boundary
operator of the network graph ¢
and writing G. Kirchhoff's laws d/ =0 and V € imd .
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Canonical example : the dissipative LC-circuit
Irreversible Hamiltonian systems
Geometric structure

Irreversible PHS for dissipative classical systems

A systems’ and control perspective : open systems

The systems’ and control perspective, the port-Hamiltonian
formulation, introduces two conjuguated port-variables
(f,e) e Px P*

dQ 9H
I R N
f 1 0 0 .

Ports allow the interaction with the environment of open systems ,
for instance for the dissipative Ohm relation

1
_Zf
°~ R

or more complex systems.
Port Hamiltonian systems are closed with respect to
interconnection through Dirac structures !
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. e . Canonical example : the dissipative LC-circuit
Irreversible PHS for dissipative classical systems N P . P
Irreversible Hamiltonian systems

Geometric structure

Explicit dissipative Hamiltonian system
Decompose the topological (skew-symmetric) structure matrix

0 -1 -1
1 0 o0 :( - ‘é)
1 0 0 &
into symplectic matrix J:( 2 Bl ) and port-map g:( Bl ) to

the resistor
Eliminate the pair of variables associated with the inductor (ig, vg),
and obtain the explicit dissipative Hamiltonian system

d( Q) +1 -1

il o)Ll . )
where [J—gT%g] is neither symmetric nor skew-symmetric and
defines a Leibniz bracket.

NN
I
—
"'m’-—‘
Sz
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Canonical example : the dissipative LC-circuit
Irreversible Hamiltonian systems
Geometric structure

Irreversible PHS for dissipative classical systems

The dissipative LC-circuit connected to a thermostat (1)

The dissipative system may be rendered conservative by considering
an thermal reservoir (e.g.a thermostat at temperature Tg > 0) and
complete the dissipative system

i Q — J—ngg g% — 7% -1 g%
dt \ ¢ R 9 1 0 8
with the entropy balance equation
dS 1 v3 .
dt To R
where fs > 0 is the entropy creation due to the Ohmic dissipation

relation.
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Canonical example : the dissipative LC-circuit
Irreversible Hamiltonian systems
Geometric structure

Irreversible PHS for dissipative classical systems

The dissipative LC-circuit connected to a thermostat (2)

Considering the total energy

Htot(Qy(pr) = H(Q,‘P)+U(S)

being the sum of the electromagnetic energy and the internal
energy of the thermostat U(S) = ToS

and using Kirchhoff's relation vg = v, the extended system
becomes a quasi-Hamiltonian system,

1 v .
49 0 -1 —%% ve —iL— %
a () = 1 0 0 I = %e
1
S B % 0 0 To fs
:Jtnt
however the structure matrix depends on the co-state v¢ = g—g g
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Canonical example : the dissipative LC-circuit
Irreversible Hamiltonian systems
Geometric structure

Irreversible PHS for dissipative classical systems

The dissipative LC-circuit connected to a thermostat (3)

Decompose the system into a reversible and irreversible part

aHl.Ot
d Q 0 -1 0 1 0 0 -1 ﬁ
Lo |=|[1 0 0]+s=v|[00 0 2fta
at\ s o 0o o) RTo 10 0 3
. , . , 75

L :Jrev :Jirr i

@ with respect to the two Poisson brackets defined by the
decomposed Kirchhoff's relations Jey and Jiy
where
o the dissipative part is characterized by
e its driving force v¢ ={S, HtO‘}Jirrand
e its constitutive relation RLTO > 0.
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Canonical example : the dissipative LC-circuit
Irreversible Hamiltonian systems
Geometric structure

Irreversible PHS for dissipative classical systems

Irreversible Hamiltonian systems

Irreversible Hamiltonian systems: reminder
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Canonical example : the dissipative LC-circuit
Irreversible Hamiltonian systems
Geometric structure

Irreversible PHS for dissipative classical systems

Irreversible port-Hamiltonian system

S oH oH
. — U\ Z2 ( N\T hadd
x_y< 7 dx ) 8x( x) J&x( )J(?x(x)
—_——
:{SfH}J
with
© the state vector x € R" , the Hamiltonian function
H(x) : €=(R") — R and the entropy function S(x): €<(R") = R.
© the constant skew-symmetric structure matrix J € R” x R" ,
defining the Poisson bracket {S, H}J: %(X)TJ%(X)
© a positive definite function: y(x, ax By = 9(x) > 0.

Irreversible Port Hamiltonian arize naturally for heat exchangers,
Chemical reactors, etc..:

@ the bracket {S,H} is the thermodynamic force

@ the function y( ) the constitutive relation
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Canonical example : the dissipative LC-circuit
Irreversible Hamiltonian systems
Geometric structure

Irreversible PHS for dissipative classical systems

Energy and entropy balance equations

The conservation equation of the internal energy,

Iy (.9 (5. H), {H. H}, =0, @

follows from the skew-symmetry of the structure matrix J.

The entropy balance equation with the irreversible entropy production

%ZY( >ax){5 H}j>0
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Canonical example : the dissipative LC-circuit
Irreversible Hamiltonian systems
Geometric structure

Irreversible PHS for dissipative classical systems

Geometric structure of Irreversible Hamiltonian systems

Geometric structure of irreversible Hamiltonian
systems: reminder
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Canonical example : the dissipative LC-circuit
Irreversible Hamiltonian systems
Geometric structure

Irreversible PHS for dissipative classical systems

3-function associated with irreversible Hamiltonian system

The evolution of any observable f € €(R")
defox= {S, HY O, Hiu(x).
leads to consider the 3-argument function
E:¢™(R")? = ¢7(R"),  E(f.S,H)=v{S,H}{f,H}.

and symmetrize to a 4-argument function.
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Canonical example : the dissipative LC-circuit
Irreversible Hamiltonian systems
Geometric structure

Irreversible PHS for dissipative classical systems

Conservative-irreversible function

A IPHS function is a function
E:¢"(R")3 = €= (R")
so that there is a 4-bracket
£: ¢ (R"* — €= (R")
with the properties
Q ¢(f,s,g,h) is a derivation (i.e. linearity and Leibniz's rule) in
each argument,
Q Vf,s,he €°(R"):e(f,s,h,h)=¢(s,f,h h) : symmetry
@ Vs,he €°(R") Vx e R": g(s,s,h,h)(x) > 0=¢g(h,s,h,h)
positivity,

which induces E as

Vf,s,he € (R"): E(f,s,h) =¢(f,s, h,h).
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Canonical example : the dissipative LC-circuit
Irreversible Hamiltonian systems
Geometric structure

Irreversible PHS for dissipative classical systems

Tensor representation of the 4-bracket

A function € : €=(R")* — €=(R") is a IPHS function if, and only
if, € has a 4-tensor representation e € € (R",R™ """} with

‘v’f,s,g, he cgw(]Rn) : S(f,s,g, h) = Z e;J’kVKd;fddekgdgh
ijkl=1

so that, for all i,j, k,¢ € n,
Q e k=6 ik
Q ejkrtenjeitenik=0,
@ Vhe 6=(R") Vx € R": L],y €k o(x)dkh(x)deh(x)]

symmetric and positive semi-definite.
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Canonical example : the dissipative LC-circuit
Irreversible Hamiltonian systems
Geometric structure

Irreversible PHS for dissipative classical systems

Reversible-irreversible Hamiltonian systems

Let M be a smooth manifold with
e Poisson bracket {-,-} and
@ conservative-irreversible function E.

An irreversible Hamiltonian system with generating functions
(s,h) € €=(M) x €=(M) is the dynamical system

dfox={f ht+E(f,s,h) forall f€E(M), (3)

with the noninteraction condition {s,h} = 0.

Often one requires the stronger condition:
the entropy function s is a Casimir function of the Poisson bracket,
i.e.

{s,g} =0 forall g € €~ (M)
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Paradigmic system : the Lindblad model
Irreversible PHS for dissipative quantum systems Hamiltonian formulation

Irreversible port-Hamiltonian systems for disssipative
gquantum systems

Irreversible port-Hamiltonian Systems for dissipative
quantum systems: on the example of the Lindblad
model
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Paradigmic system : the Lindblad model
Irreversible PHS for dissipative quantum systems Hamiltonian formulation

Paradigmic system : the Linblad model

Paradigmic system: the Lindblad model
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Paradigmic system : the Lindblad model
Irreversible PHS for dissipative quantum systems Hamiltonian formulation

State variable : density operator

A density operator on a separable Hilbert space 77 is bounded
operator p € () with the properties

e p is Hermitian, i.e. p =p’
e p>0,ie (y,py) >0 forall ye#

e trp =1, where p = Y7 (y;, py;) for any orthonormal basis
(Vi)ieny where tr denotes the trace of p.

The set of density operators is denoted by D(£))
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Paradigmic system : the Lindblad model
Irreversible PHS for dissipative quantum systems Hamiltonian formulation

The Lindblad model

The Gorini-Kossakowski-Sudarshan-Lindblad (GKSL) quantum
master equation is the differential equation

i a .1
itP = —z[H.pl+ ) (LJPL}—Q{L}-LJ-,/J}> (4)
j=1

where
e p € B(H) is the density operator
o He B(H) is the Hamiltonian operator
o Lje B(A), jel,... Lare jump operators
[in the sequel / =1 and L is Hermitian !]

where [-,-] and {-,-} denote the commutator and anticommutator
of bounded operators, respectively.
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Paradigmic system : the Lindblad model
Irreversible PHS for dissipative quantum systems Hamiltonian formulation

Double bracket structure of dissipation

For Hermitian jump operators, the dissipative term in the GKSL
equation has the structure of a double commutator.
Let .7 be a Hilbert space, and let p, L € () be Hermitian

operators. Then
1 1

Proof:

[L,[Lpll=L(Lp—pL)—(Lp—pL)L=—-2LpL+{LL,p}
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Paradigmic system : the Lindblad model
Irreversible PHS for dissipative quantum systems Hamiltonian formulation

Hamiltonian formulation

Hamiltonian formulation
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Paradigmic system : the Lindblad model
Irreversible PHS for dissipative quantum systems Hamiltonian formulation

The functional space

Consider a Hermitian operator H € %(.7) on a a finite-dimensional
Hilbert space .77, the induced functional Fp is defined as

Fr:9(9H)—R
p —tu(Hp) = (H,p)us.

The variational derivative %(po) exists for all pg € D($), and is

%(po)v = <H7 V>HS - <H_trH7 V>HS

for all Hermitian trace-less operators v.
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Paradigmic system : the Lindblad model
Irreversible PHS for dissipative quantum systems Hamiltonian formulation

The Liouville- von Neumann equation

The Liouville-von Neumann equation

i
atP = —7[H.p] (5)
is (formally) Poisson-Hamiltonian system
£Fop={F, Fu}Lop.

with Hamiltonian function Fpy = (H,-)us and Poisson bracket
{-,-}LvN defined by

1/ [6F &G |
{F‘/ G}LVN -:h<'7l |:5p6p:| >HSVF7G.:D(S§)_>:IR

where (, )gsdenotes the Hilbert-Schmidt inner product.
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Paradigmic system : the Lindblad model
Irreversible PHS for dissipative quantum systems Hamiltonian formulation

The Lindblad model

The (single jump) Lindblad equation

] 1
may be represented as an irreversible port-Hamiltonian system
% Fop — {F7FH}LVN+((F7F57L7 L))port

with Liouville - von Neuman Poisson bracket {, ; }LyN
and the IPHS 4-bracket

1/, . . .

((F7 Gv le L2))POTt = g ((I[le %]7 ’[L2a %])HS + <’[L27 % a’[L17 g‘% >HS> s
generated by the expected value of the energy as Hamiltonian

function Fy := (H,)ys,

and (minus) purity of the system as entropy

functionFs(p) := —tr(p?).
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Paradigmic system : the Lindblad model
Irreversible PHS for dissipative quantum systems Hamiltonian formulation

The IPHS 4-bracket generates the interaction term

Consider p an integral curve of [L,[L,p]] and the entropy functional

which satisfies % =2p, one obtains

dFop— <‘;§,[L,[L,p]]>HS = 2< [L’iﬂ ’ [L’ %ﬂ >Hs

(55 +1),.0
ép° 6p port

The entropy Fs is in the kernel of the LvN-Poisson bracket hence
satisfies the non-interaction condition.
Indeed p being Hermitian gives (o Hp) = (p2H) and hence

(p,i[H,pl)us = (0Hp) — (p*>H) = 0.
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Paradigmic system : the Lindblad model
Irreversible PHS for dissipative quantum systems Hamiltonian formulation

Balance equations

Linbladian dynamics:

%Fop = {F, FH}LVN+((F7 FS7L7L))P0“

Energy balance equation

L Frop ={((Fu,Fs. L. )por = tr([L, H][L,p])

Entropy balance equation

&Fsop = ((Fs,Fs, L, Ujpor = 2tr ([L,p]) = 0
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Conclusion

Conclusion

We have shown that the 1-jump Lindblad equations may be written
as an Irreversible Hamiltonian system :

@ with geometric structure defined by

o Liouville - von Neuman Poisson bracket {, ; }Ly~ and
o the Linblad IPHS 4-bracket

@ generated by the

e the Hamiltonian function Fy := (H,-)yus,and
o the entropy functionFs(p) := tr(p?).

Open questions :
@ define port variable for driven quantum circuits !

@ use the IPHS structure to derive stabilizing controllers
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Conclusion

Some references on the metriplectic formulation of the
Lindblad equation

@ Frédéric Barbaresco. Symplectic foliation structures of non-equilibrium
thermodynamics as dissipation model: Application to metriplectic
nonlinear Lindblad quantum master equation. Entropy, 24(11), 2022.

© L. Colombo. Lindblad quantum dynamics as Euler-Poincaré reduction on
adjoint-coupled semidirect products, 2025.

© [7] Markus Mittnenzweig and Alexander Mielke. An entropic gradient
structure for lindblad equations and couplings of quantum systems to
macroscopic models. Journal of Statistical Physics, 167(2):205-233,
2017.
H. C. Ottinger. Nonlinear thermodynamic quantum master equation:
Properties and examples. Phys. Rev. A, 82:052119, Nov 2010.

© |Hans Christian Ottinger. Derivation of a two-generator framework of
nonequilibrium thermodynamics for quantumsystems. Phys. Rev. E,
62:4720-4724, Oct 2000.
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references on irreversible port-Hamiltonian systems

© H. Ramirez, B. Maschke, and D. Sbharbaro. Irreversible port-Hamiltonian
systems: A general formulation of irreversible processes with application
to the CSTR. Chemical Engineering Science, 89(0):223 — 234, 2013.

© [11] H. Ramirez, B. Maschke, and D. Sbarbaro. Modelling and control of
multi-energy systems: An irreversible Port-Hamiltonian approach.
European Journal of Control, 19(6):513 — 520, 2013.

© Hector Ramirez, Yann Le Gorrec, and Bernhard Maschke. Boundary
controlled irreversible Port-Hamiltonian Systems. Chemical Engineering
Science, 248:117107, 2022.

© D. Goreac, J. Kirchhoff, and B. Maschke. Generating functions for

irreversible Hamiltonian systems. Journal of Geometry and Physics, page
105578, 2025.
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Some references port-Hamiltonian systems

© B.M. Maschke, A.J. van der Schaft, and P.C. Breedveld. An intrinsic
Hamiltonian formulation of network dynamics: Non-standard Poisson
structures and gyrators. Journal of the Franklin institute,
329(5):923-966, 1992. Printed in Great Britain.

@ B.M. Maschke, A.J. van der Schaft, and P.C. Breedveld. An intrinsic
Hamiltonian formulation of the dynamics of LC-circuits. IEEE Trans.
Circuit and Systems |:Fundamental Theory and Applications,
42(2):73-82, Feb 1995.

© A. van der Schaft and B. Maschke. Port-Hamiltonian systems on graphs.
SIAM Journal on Control and Optimization, 51(2):906-937, 2013.

@ V. Duindam, A. Macchelli, S. Stramigioli, and H. eds. Bruyninckx.
Modeling and Control of Complex Physical Systems - The
Port-Hamiltonian Approach. Springer, Sept. 2009. ISBN
978-3-642-03195-3

© A. van der Schaft and D. Jeltsema. Port-Hamiltonian systems theory: An

introductory overview. Foundations and Trends in Systems and Control,
1(2-3):173-378, 2014
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